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Ising model on trees Result 2: pointwise convergence

Consider an ideal magnet with a d-tree lattice structure T¥ as follows.
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/I\ + A isirreducible iff there exists a partition (Aj)§;3 of A such that
o S R R R Va AN a€A,beA; ifandonlyif (AP"H) >0 for all large n € N.
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Figure 1:d = 1 Figure 2: d = 2 + It pis a Markov measure with transition matrix M and A = M, then

+ The orientations of the spins are governed by a state u, a probability mea- on(@) = log“( [xAn] xroot)‘

sure over all possible configurations A7 := {+1,-1}7"". Therefore, it suffices to study merely ﬁ%(l’)-
- The free energy of u restricted to initial n-subtree A_ is "

F (1) = /90 du—h, (1) (8> 0), Theorem (J.-C. Ban, G.-Y. Lai, and Y.-L. Wu [3])
where, for some constant a, b € R, Sgppose 1 is a invariant Markov measure with (irreciuc_ible) transition ma-
trix M and supp(u) =T 4. If a € Ay, then for every interval I C R,
(entropy) h(p) = Y —p[w]log pw], 1 "
we AAn 1 O it i\ L
. - lim log,u( & Ppnts cl|z, = a0> = sup A ()
(internal energy) o) = >  az gz, + Y bz, n—oo |A_ A ] ael
ge A \{root} geA

with ¢(g) denoting the parent of g. where Aj(a) = sup,,cp por — lim,,_, o ;2 1OgH‘I’AM@M d 1flj) | [n particu-

- An equilibrium state is a state u minimizing the free energy per site lar, for p-a.e. z satistying z,,o; = ao,
1
F(p) =limsup —F’ . (x
('u) n—>oop n n(M) lim Sppn—kj( ) — Q= L Spp(y) {y > Yroot € ‘/4.7} '
o | ] 1= [ Ay | Ap \ {root}
The equilibrium state is the one that could be observed macroscopically.

Properties Application

(d = 1) Thereis a unique invariant equilibrium u, which is Markov and

. By introducing a metric D(z,y) = ™1 1Anl=a,=va0} for 7, we have the

following theorem.
F(u) =—P with P :=lim sup log Z sup e~ #nl®
e we AAn TEW Corollary
: 1 : 1 _ _
Moreover, Tim,, o 3¢5 () + im0 3 log“[wAn] Plorp-ae . Let A € {0, 1}AX“4 be irreducible and 4, = {7“ c (0,d]” HZ o i T }
(d > 2) R. M. Burton, C.-E. Pfister, and |J. E. Steif [1] showed N
d'dmzT , = dim_ T, = dimp T di I ha()]
inf{ () : p invariant} > —P iff (a,b) # (0,0). Hpsa = dlps 4= GlllpJ 4 = Waxtiilip b= . A,
p—1 ¢ -l
. di T 4 = di = -1 ZI
Question img T4 = mexdimy 4 = min (; [l ) 0gp(La,)

+ Can we identify the equilibrium state (without invariance assumption)?

. L where £, .=V oo W, with
+ For Markov measures, is there a pointwise convergence? Ar ATy A,rg

p(La,) =sup{aeR: L, (u) =auec R\ {0}}.

+ The questions are studied under the following setting. Let A be a finite set Flgures

A XA ' '
and A € R{y . Assume the system is defined by Figure 3: A% () Figure 4 HZ o Ti (s))_.llogp(/CA,r(s))

(configurations) T, = {:z; e AT 1 A . >0,Vge T\ {root}}

g’ slg

(internal energy) Pn(T) = =22 A \root) 108 Ag,c(g)
0.4

with an additional assumption

(irreducibility) Va,b € A,3In € N such that (4™) , >0. 0.35
+ For simplicity, define ¥4 ;: RE) e RY; as ¥y 4(u) = (ATu)d. Ag(e) 0.3
—Aj () 0

Result 1: equilibrium states

Theorem (J.-C. Ban and Y.-L. Wu [2]) Sources
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