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• Let Π: Σ 7→ Λ be the natural projection

Π(i) = lim
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• Let µ be a left-shift invariant, ergodic probability measure on Σ
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Question: How can we handle the overlapping cases?
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such that
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• Hochman and Solomyak: If S satisfies the ESC, i.e.

lim inf
n→∞

1

n
log min

i1 ̸=j1
i,j∈Σn

sup
x∈I

{|fi(x)− fj(x)|} > −∞,

then for every Bernoulli measure µ = {p1, . . . , pm}N, dimH Π∗µ = min

{
1,
hµ

χµ

}
.

Open questions: dimLq Π∗µ =? & dimension of ergodic measures?
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• Simon, Solomyak and Urbański: For every ergodic measure µ and for η-almost
every λ ∈ U

dimH Λλ = min{d, s0(λ)} and dimH(Πλ)∗µ = min

{
1,

hµ

χµ(λ)

}
.
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• Let ρλ : Σ∗ → R+ be a quasi-multiplicative map depending uniformly continu-
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– ∃C > 0 and 0 < α < 1 such that ρλ(i) ≤ Cα|i| for every i ∈ Σ∗ and λ ∈ U ;

– ∃C > 0 such that C−1 ≤ ρλ(ij)

ρλ(i)ρλ(j)
≤ C for every i, j ∈ Σ∗ and λ ∈ U ;

– ∀ε > 0 and λ0 ∈ U ∃δ > 0 such that ρλ(i)1+ε ≤ ρλ0(i) ≤ ρλ(i)
1−ε for every

i ∈ Σ∗ and |λ− λ0| < δ.
• Let Πλ : Σ 7→ Rd be such that there exists logKn/n → 0 for every i ̸= j ∈ Σ

– ∥Πλ(i)− Πλ(j)∥ ≤ Cρλ(i ∧ j) for every λ ∈ U ;
– η({λ ∈ U : ∥Πλ(i)− Πλ(j)∥ ≤ ρλ(i ∧ j)r}) ≤ K|i∧j|r

d for every r > 0.

Note: This is slightly different than the generalized projection scheme introduced by
Solomyak.
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i∥ < 1/2,
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• (Non-autonomous systems) Πλ : {0, 1}N 7→
∑∞

n=1 in
λn

n
with ρλ(i) = λn; (see

Nakajima)
• (Statistically self-similar systems) For every i ∈ Σ∗, let Xi be i.i.d. compactly

supported random variables with abs. cont. density, and let λi ∈ (−1, 1) \ {0}
and ti ∈ R. Then Πλ(i) =

∑∞
n=0(tin + Xi|n)λi|n with ρ(i) = λi; (see Jordan,

Pollicott, Simon)
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Corollary. For η-almost every λ ∈ U , there exists a unique left-shift invariant
ergodic probability measure µλ such that
hµλ

χµλ(λ)
= s0(λ), where s0(λ) is the unique root of Pλ(s) = lim

n→∞

1

n
log

(∑
i∈Σn

ρλ(i)
s

)
,

and in particular,
dimH Πλ(Σ) = max{dimH(Πλ)∗ν : ν is ergodic} = dimH(Πλ)∗µλ = min{d, s0(λ)}.



A few words on the proof
• An ergodic left-shift invariant measure µ is called k-step Markov if for every
n ≥ k and i = (i1, . . . , in) ∈ Σ∗

ν([i1, . . . , in]) = ν([i1, . . . , ik])
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• For two ergodic shift-invariant measures µ and ν such that µ([i]) > 0 ⇒
ν([i]) > 0 for every i ∈ Σ∗, let

h(µ∥ν) = lim
n→∞

1

n

∑
i∈Σn

µ([i]) log
µ([i])

ν([i])
be the Kullback-Liebler divergence,

if the limit exists.
• Note: h(µ∥ν) ≥ 0 and h(µ∥ν) = 0 if and only if µ = ν; and it exists if ν is a
k-step Markov.
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Proposition. For η-almost every λ ∈ U ′, for every µ ∈ V (ν, ε)

dimH(Πλ)∗µ ≥ min

{
d,

hµ

χµ(λ)

}
−O(ε).

The theorem follows by a standard covering and density argument.
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and µ([i|n]) ≤ Cµe

εnν([i|n])}.

Note: Aµ ⊆ {i ∈ Σ : ν([i|n]) ≤ C2e−n(hν−3ε) and C−2e−n(χν(λ0)+3ε) ≤ ρλ0(i|n)} =: B.∫
U ′

sup
µ∈V (ν,ε)∩{Cµ<C}

∫∫
dµ|Aµ(i)dµ|Aµ(j)

∥Πλ(i)− Πλ(j)∥s
dη(λ)

≤
∫
U ′

sup
µ∈V (ν,ε)
µ∈{Cµ<C}

∑
n,m∈N
k∈Bn

ems

ρλ(k)s
µ|Aµ × µ|Aµ

(
∥Πλ(i)−Πλ(j)∥<ρλ(k)e

−m&
i∧j=k

)
dη(λ)
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ρλ(j)≈e−m

ems

ρλ(k)s
µ|Aµ([ki])µ|Aµ([kj])1∥Πλ(ki)−Πλ(kj)∥<ρλ(k)e−mdη(λ)
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e−ns(χν(λ0)+3ε)+n(hν−3ε)
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Exponential Distance from the Enemy (EDE)
• For a fixed λ0 ∈ U , an infinite sequence i ∈ Σ has exponential distance from the

enemy if for every ε > 0 there exists C > 0 such that

dist

Πλ0(i),
⋃

j∈Σn:j ̸=i|n

Πλ0([j])

 > Cρλ(i|n)e−εn for every n ∈ N.
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for η-almost every λ ∈ U the following holds: for every ergodic measure µ, µ-almost
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Theorem (B., Simon, Śpiewak). Suppose that s0(λ) < d for every λ ∈ U . Then
for η-almost every λ ∈ U the following holds: for every ergodic measure µ, µ-almost
every i has exponential distance from the enemy.

Corollary. Under the conditions above, for η-almost every λ ∈ U the following
holds: For every ergodic measure µ, there exists a set A ⊂ Σ such that µ(A) = 1

and Πλ|A is invertible and its inverse is Hölder continuous for every Hölder exponent
α ∈ (0, 1).



Exponential Distance from the Enemy (EDE)
• For a fixed λ0 ∈ U , an infinite sequence i ∈ Σ has exponential distance from the

enemy if for every ε > 0 there exists C > 0 such that

dist

Πλ0(i),
⋃

j∈Σn:j ̸=i|n

Πλ0([j])

 > Cρλ(i|n)e−εn for every n ∈ N.

Theorem (B., Simon, Śpiewak). Suppose that s0(λ) < d for every λ ∈ U . Then
for η-almost every λ ∈ U the following holds: for every ergodic measure µ, µ-almost
every i has exponential distance from the enemy.
Corollary. Under the conditions above, for η-almost every λ ∈ U the following
holds: For every quasi-Bernoulli ergodic measure ν, and for every ergodic measure µ

d(Πλ)∗ν(Πλ(i)) =
h(ν∥µ)− hν

χµ(λ)
for µ-almost every i,

where h(ν|µ) = lim
n→∞

−1

n

∑
i∈Σn

µ([i]) log ν([i]).



An application: Multifractal analysis
Question Given a measure ν, describe the map α 7→ dimH {x : dν(x) = α}, where

dν(x) = lim
r→∞

log ν(B(x, r))

log r
.



An application: Multifractal analysis
• Arbeiter and Patschke: For the self-similar IFS S = {fi(x) = λiOix + ti}mi=1

with SOSC, if µ = {p1, . . . , pm}N ̸= {λs0
1 , . . . , λ

s0
m}N is a Bernoulli measure then

dimH {x : dΠ∗µ(x) = α} = inf
q∈R

(qα− T (q)) for α ∈ I =

[
min
i

log pi
log λi

,max
i

log pi
log λi

]
,

where
∑

i p
q
iλ

−T (q)
i = 1, and {x : dΠ∗µ(x) = α} = ∅ for α /∈ I .



An application: Multifractal analysis
• Barral and Feng: For the self-similar IFS S = {fi(x) = λix + ti}mi=1 with ESC

on R and
∑

i |λi| < 1, if µ = {p1, . . . , pm}N ̸= {λs0
1 , . . . , λ

s0
m}N then

dimH {x : dΠ∗µ(x) = α} = inf
q∈R

(qα− T (q)) for α ∈ I =

[
min
i

log pi
log λi

,

∑
i λ

s0
i log pi∑

i λ
s0
i log λi

]
,
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1 , . . . , λ

s0
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dimH {x : dΠ∗µ(x) = α} = inf
q∈R

(qα− T (q)) for α ∈ I =

[
min
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,max
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log pi
log λi

]
• Enough for q < 0.

• dimH {x : dΠ∗µ(x) = α} ≤ infq<0 (qα− T (q)) by covering for
∑m

i=1 p
q
iλ

−T (q)
i = 1.
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Theorem (B., Simon, Śpiewak). For the self-similar IFS S = {fi(x) = λix+ ti}mi=1

if
∑

i |λi| < 1 and µ = {p1, . . . , pm}N ̸= {λs0
1 , . . . , λ

s0
m}N, Then for Lebesgue-almost

every (t1, . . . , tm)

dimH {x : dΠ∗µ(x) = α} = inf
q∈R

(qα− T (q)) for α ∈ I =

[
min
i

log pi
log λi

,max
i

log pi
log λi

]
• Enough for q < 0.

• dimH {x : dΠ∗µ(x) = α} ≤ infq<0 (qα− T (q)) by covering for
∑m

i=1 p
q
iλ

−T (q)
i = 1.

• dimH {x : dΠ∗µ(x) = α} ≥ sup

{
hν

χν
:
h(ν∥µ)− hν

χν
= α

}
= infq<0 (qα− T (q)).



.

Thank you for your attention!


